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Mechanics Div is ion , Ai r  Force Fli qht Dynamics  Laboratory . It

was performed by Dr.  Donald P. R iz ze t t a , v i sit i n q  sc ien t i s t,

under Project 2307 , “Fliqht Vehicle Dynamics ” , Task 05,
“Basic Research in Aeroelasticity ” . Dr. James 3. Olsen is

the AFFDL Task Enqinee r .
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SECTION r

INTRO PU CT ION

For the c~ise of flow over an airfoil in a freestream at

Mach numbers near  1 , smal l  ampl i tude mo t io ns of the body sur f ace

can produce l a rge  v a r iat i o n s  in the a e r o d y n a m i c  fo r c e s  and n~on ’ e nt s

a ct i nq  on the  st r u c t u r e .  In a d d i t i o n , rhase  d i f f e re n c es  l~et~ -ee n
the f l o w  v a r i a b l e s  and the  r e s u l t a n t  forces  may he creat. Those

c h a r a c t e r i s t i c s  tend to enhance  the  p r o b a b i l i ty  o ’ en c o u n ter i n c l

aeroelas t ic in s t ab il i t i e s  in the t r anson ic  f low reoirne an d thus
evidence a need fo r  t e chn iGues  of analvzinci both the flow field

and the structural response for such situations.

In the subson ic or supersonic case , the lead inci order glow

equat ions  are l i nea r  such tha t the  ae rodynamic fo rces depend
upon the body motion in a linear fashion. Furthermore , the

resultant forces actinq on the airfoil may be obtained throucth

superposition by summing the contributions due to the various

types  of body motion being considered . This allows the linear

structural equations of motion to be solved independently of the

aerodynamic equations which provide only the force coefficients.

Uncoupl ing  of the f l u i d  and s t r u c t u r a l  e q u a t i o n s  is not , in

general , possible for  the t r anson ic  regime due to i t s  i n h e r e n t

nonlinear nature .

Advances in computational methods (1-16) have made a number 
-

of techniques ava i lab le  for  computing unsteady transonic flows .

While several d i f f e r e nt  phys ica l  problems have been considered ,

the unsteady body motion was generally prescribed as a known

func t ion  of t ime thereby p rec lud ing  the s i m u l a t i o n  of ae r o e las t ic

behavior . it is only recently that the application of these

computa t ional  procedures to actual  aeroe las t ic  problems has

appeared (17 ,18).

It is the purpose of thi s report to describe a method for

an a l v ’in a  the s t r u c t u r a l  response of a t w o — d i m e n s i o n a l  a i r f o i l

i
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in transonic flow , and to provide computational examples of the
resul ts  obtained by applying this procedure to physical s i tua t ions
of pract ical  interest .  The governing aerodynamic equation of
motion is assumed to be the unsteady low frequency small
d is turbance transonic equation for the velocity potent ia l  func-
t ion which is capable of s imula t ing  nonl inear  flow phenomena
inc luding  i r regular  shock wave motions. Structura l equations

of motion are formulated for a three-degree of freedom airfoil

by modelling the structure as a spr ing-mass  system. The coupled
aerodynamic-structural equations are then simultaneously integrated

in  t ime such t h a t  the f low f i e l d  and the response of the a i r f o i l

to the resultant aerodynamic forces are allowed to interact in

a manner much like the physical situation .

The method of time integration has already been applied in

a superficial manner for analyzing a one deuree of freedom

airfoil (17). Tn this previous work , several types of motion
were produced by varyinq the structural parameters. An alternative

point of view is taken in this report. Here , the structural

par ameters are pres umed f i xed and the motion resulting from

var ious choices of the initial conditions is considered . The

airfoil selected for study is an NACA 64A010 airfoil which is

~09 thick and representative of transonic airfoils currently in

use. Plunging , airfoil pitching , and aileron rotation degrees

of freedom have been allowed and structural parameters have been

assigned representative values. Solutions were obtained for

several choices of initial conditions and non-dimensional

freestream density. The effects of these p arameters  on the
time-dependent structural response and aerodynamic coefficients

i s presented .

_____ _____ 
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1~S + [ (x  - x 15 4 1 1 ~~ L’ s
a dt  ‘s dt  

- 

~~~~~~~~ 
‘s

~ - ‘ 1

+ K ‘s = P t~~5 ’ 3 (’ ( t  ) ,a - ‘ -  nm

I ~~~~~~~~~~~
(It dt ‘ (if’ ( I i

+ K ,I~ = P 2
~~~C ( t )

~~ “ nih

where

M = f ~ m (x)dx,

S = f ~ (x0 
- x ) m ( x ) d x , (t ~~

S . = f ~ (x 1 
- x ) m ( x ) d x , ( t . 1

= (x - xl  r n ( x )dx , (~~1

and

= f ”  (x
1 

— x) m(x)dx . (~~

These ca n be put i n to a convenient non-dimensional form 1w tle f i n i n i :

= x/ c , (‘b )

= .i~~~~2 / 1~ ‘c , (1~~1
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a = h/c , ( 1 1)

= S /cM , ( 17 )

r.f = S e/cM , ( 13 )

= I / c M , ( 1 4 )

= I . ‘c ’M , (l~~)

= (c 2 K 1 ‘~I ’I) h /’ , ( 1 6 )

= ( i-i /tI .~~ *M ) l’~ , ( 1 7 1
a Ci “ (‘I

(K
1. 

‘t i~j .~~ ii 
2 

, ( 1  ~ )

,i;’ , ( 1  ~~ )

= {) 
~~~~~ I

— .1 Ci - I ,

= ii .

and

= ?M ~~~~~~ ( ‘
•
‘ I

t hose ’ are stihst i t ut  0(1 i n  to e ’511151 t ions (1) — ( l , t hen t he o 1 lo w  i no

r e s ult :

.‘ “ ( t )  + ‘s ” ( i t  + ~“ ( r )  + .‘\ ‘ C ’5 ‘ ‘ ( t I
f

_ I., ;
I- c 

~~~~
- ‘ ( i  ) -= -~ c , (~~) i ,
I I I

(1

- - — -— - -_~~-__-___ ~~~-
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( r ) + ~~~ “ ( i ) + [ ( ! — ) .
~~~ 

+ “ ( t  ) + 2~ 
2 / 

5

( 2 4 )

÷ ~~~~~~~~ w 2 a ( i )  = ( 1 )  ~~m
0 Ci mo

( r )  + t ( ~ 
— 

~~~~ + , ]ii ( t )  + ~~~P ” ( i )  + 7 ~ ‘ ( i t

(~~~ r,)

+ ~~~~~~~~~~~~~~~~~~~

The system (23) — ( 2’~) may be w r i t t e n  as the  vector  e q uat i on

lix” ( T ) + t’X’ (i) + l.,X( t ) = C ( i  1 ( 2 ~~~’)

where the i n i t i a l  condi t ions  X ( O )  and X ’ ( O )  complete a descript i on

of the problem .

2 . 2  Unsteady Transonic Potential Equation

A number of procedures are available for the solution of

unsteady transonic flow problems . Methods of harmonic analysis ( 1- 7 )
assume that the unsteady flow may he considered as a small j-~erturha-

tion about a steady state due to the motion of the boundary . These

time-linearized methods fail to treat shock motions exactly and thus
are limited in application to very small amplitude airfoil motions

which constrain shock waves to small displacement about their steady-

state position . In add it ion , the unsteady perturbations are prescribed

to have a harmonic dependence in time . While such methods are not

capable of treating general airfoil motions , they can provide i nput

for classical aeroelastic computations (18).

A more exact treatment of unsteady transonic flow problems is
provided by inteqratinq the equations of motion in time . Solutions

to the unsteady Euler equations (8,9) and the full potenti al

equation (10) have been obtained by ex p l i c i t  f i n i t e  d i f fer en c e
schemes. A l though these methods can in p r i nc ip l e  be a p p l i e d  to
quite general airfoil motions , they are limited by a time step
restriction for computational stability thereby making practical

calculations prohibitive . If consideration is limited to irrota-

t ional  flows and low frequency motions , then a reduced fo rm of the

(I uns teady potent ia l  equation resu l t s .  A f u l l y  t i m e - i mp l i c i t

______ — _ - ‘- — - ~~~~~~~~ - .~~~
-- - - - - -- - - — _“-~~———- —-- -S



— S==,~~ -~~~- ~~~~~~~~~~~~~~~~~~~ 
—-  — — -- - 

~~~~~~~~~~~~~~~~~~~~~~ 
-‘-

~~~~~~~~ 
-—-‘ —

~~~
‘-:

~~
-‘--

- “~~~~~~~~‘ !‘Z~~ ~~~~~~~~~~~ 
— 

~~~~~~~~~~~~~~~~~~~ w~~ ’ ’ ~~ -

9

method of solution of this equation has been developed ( 1 7 )  such
that  no t ime step r e s t r i c t i on  for s t a b i l i t y  e x i s t s.  In a d d i t i o n ,
this equation is capable of simulating nonlinear flow phenomena
inc luding i r regular  shock wave motions .  S o l u tio n s  of the uns t eady
low frequency potential equation have compared c ’muite w e l l  w i t h
solutions of the Euler equations (17).

We now consider the t w o —d i m e n s i o n a l  i r r o t ~it ion5il u l i st  05ldv

f low over an a i r f o i l .  The ve loci ty  p ot e n t i a l  f u n c t i o n , -: , is

expanded as

-~ (x,y,t) = ~~~~~~~~~~~~~~~~~~~~~~~~~ ( 7 7)

where
= y~~l/3/c ( 2 9 )

and r are given by equat ions ( 9 )  and ( 10)  r e spec t ively , and i t
is assumed tha t  ~ < < l .  I f  these express ions  are subs t i tu ted  i n t o
the f u l l  unsteady potent ia l  equat ion and the c o e ff i c i e n ts  of l i k e
powers of S are equated , then the leadino  order r e su l t  is

[(1 — M~,) ~~~
2 /3 — (1 + y ) M ~,q’ ]l’ + ~~~ ( 2 q )

i f  it is assumed that  ( 1 - M 2 )~~~~~2 / 3  (1(1).

T h i s  is the form of the unsteady low f requency s m a l l  d i s t u r b a n c e
transonic potential equation which will be considered anpropricite

~or describina the flow . Corresponding boundary conditions for

equation (29) are obtained from the flow tangency condition on

the airfoil surface , from the Kutta condition at the trailin ct edoe

w i t h  a constant l ump in po ten t i a l  across the vortex sheet i n  t he

wake , and by requiring the perturbation velocity to vanish far froni

the body .

The unsteady airfoil boundary is defined by

y — F(x ,t) 0 for 0 x ~ c .  ( 1 0)

8
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I’(x ,t) = c5~[ t  LI ~ (~~) ‘s — p - : I ~~ ( T )  ‘s — F — — ~, :~ ( t ( I l )

whert ’ f ( ~,) cort ’espon .i  t o the spec i t  o~t a i i ’  1 o i I ooome’t iv - ‘ , ,

~ ar e t he  p r e v i o u s  l v  do I i ned p1 unq i 11(1 , a i r to i 1 pm t ch i no , ,mn ~I a t 1 e’ron

p itch i nq di  splacoment s respect i vol v and ~ — ~.f ) i~ th -~ unit st ‘‘p

f u n c t i o n .  W i th  t h .i , t he  t low t anciencv condi t ion  becomes

= 
‘ F.) — a ( t I — ~I F- — 

~~~~-
‘ t-~ i )  ~~~ om ’ s ‘~ 0 ‘or tl ~. 1. ( 1 ,’ 1

We no te  t hat  t I i i  s cond I t ion 1 5 applied on t~ 0 ,us is cons i stent

wi  t h the  snua l 1 disturbance assumpt ion. In ,sht i t  ion , t o the ci d e m

con s i d ered i n e q u a t i o n  ( 2 ’1) t h e re  is no expl i c it dependence on ‘

i n  the  sur face boundary cond I t ion ( 17)  The w a k e  cond i t ion i s

.‘st ’p I i ed as

= ~ ~~~ I) = Il t~o1’ 1 ( I I

where  t h e  square  1’ t ack et s i imd I c5m to the “ i ump “ i n  t he  onc I ~~ t’d

quant i tv 5and the condition is aqa in ap p l i e d  a lonci 
~ 

= (1 . ‘I’ht’

farf icid boundary conci .m t ion is

(4’s~ Y + 
~~~~~~ 

0 CiS + I) (14I

L

so tha t  eq u a t i o n  ( .‘t)) and correspond i ng boundary  cond i t  ions
1.’ ) —  ( ~$) complete a descri p t i o n  of  the  f l o w  f i e l d  problem i f  an

initial p r o f i l e , ft.,n,o), is specifi~ d.

W i t h  this formulation , the unsteady pressure co~ tfi cI~~nt is

~i iven  by

C = —2 c ~ (~~~r:,)
p 9

The cor responding  l i f t  and moment coe fficien t - s f o l l o w  as

= f~ (C~~ 
- C~~ ) di,, (1+. I

(1

_ _ _ _ _ _ _ _ _ _ _ _ _  -— ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 
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SECTION l i i

TilE METHOD tiF’ SOLUTiON

We new seek a method of obtaininci so l u t i o n s  t o  the coupled

sy stem , equat  ion ( .‘~~~) with ap p r o p r i a t e  imm i t Lii con .li  t i ons  ,in.1
equa t mon (7’)) with boundary cond it ions ( ~2 I — (1-1 ) and limit ~i I
pt-cf ii e .‘ ( , , o) . Tim is formulat ion wi 1 1 he co n sid er e d  s l t ’11t ’ t , i  1
w i t h  respect to e q u a t i o n  ( 7i . I such t h at  ,inv numl -’er o’ deoroes c ’
f reedom are  perni i t ted . l-oua t ton ( .‘t ’ 1 i f i rst written as an

eou i valent first order svst em by do f i iii no

X 1 ( i )  = X ( i l

and 
~~, ( ~ = X ‘ ( m  1 . i - ~ I

so t h a t
= 

( - I l l

~l (‘ t’ ( i ) t t — l ~X ,  ( i l  —~~.~X 1 i i I 1 .  ~ -~~
‘) 

-

l-\’uat ions (41) and ( -I.’ I were t hen  sol Vt ’~1 1’v a -—oo hit •\5Lmn~s—Moti I

int esirat ion iii t i miie ( .‘ P I  . Tb i s  is an i’~ipl ic it ore’.l i c t o r — c . ’ r i 4 ’ct o~
t echn t oti~’ hay m o  a local t runcat ion  em -i -or of order L\ I

number o’ ot t i er  m e t ho  is , hot Ii oxpi id t m d  viol i cit , i~ore tt’Ied

It wa~ found t hat when c o t i o l  ed ic i t h t ho a ei-o5h ’ nan i 0 e ’s:  11,1 t i Oil

c m l  ctml at ions event  na liv became tins t ab l e  or con t ia 1 di ‘ ‘
and I - -torm Tax’ b r  oem-los exi’ i i cit sch~ ’r ~es , mmmd ‘ oi T-’~i 1t ’t — ’ s ’ + t i . ’~-~v
and ‘- I i i  n~~ I — oo i mit imo 1 m c m t s~’Imemos , even when ox I it ’v i t ’ V ~~~ 1 1 t I ~~~~~

t ei’s W e T ’ emp lOV e ’tl . “s ~t i 1 no ‘—t ’o j mi t i mmii ’ I i 5 ’ i t t ochn m cite 5 - i t  ii  ~~~~~ 1

i i  
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t r m c m c a t i o n  e r ror  of order ( . \ m  ) 6 , a l t h o u g h  s t ab l e , appeared to
or cduce less accuracy than the Adams-Moulton integration .

It will he of interest to compare some time integrated results

with homogeneous solutions to the structural system . In particular ,

for  ~~~~ the homoaeneous result should be recovered . For the

case of C(-t- ) = 0 the associated eiqenvalue problem correspondino

to equations (41) and (42) was considered and the eicrenvalues

and eiqenvectors obtained. The solution vector was then represented

as the linear combination of the eiqenvectors which satisfied the

specified initial conditions. These solutions are thus considered

“exact” as they are free of truncation error which is present in
time integrated results. No attempt was made to obtain normal

modes as th i s  is not in general possible for a rb i t r a ry values of
th e mass , da mp ing , and s t i f f ness matr ices  ( 1 ( 0 K )  (21).

An eff icient time—implicit finite difference alaorithm (131

has been developed for obtaining solutions to the low frequency

transonic equation. This technique was incorporated in the computer

code LTRAN 2 , developed by Balihaus and (~oorjian (16) for the

purpose of computing unsteady transortic flows over airfoils

using the form of the potential equation give—i by (29). Several

minor changes in the basic code were necessary in order to
accommodate a s imul taneous  solut ion of the structura l equations

(41) and (42). Details of LTRAN2 are b r i e f ly  summarized here .

The basic LTRAN 2 code employs a n o n - i t e r a t i v e  a l t e r n a t i n g -

direction implicit (ADI) scheme to advance the solution for the

perturbation potential , ~~~~, from one time level to the next at
each grid point in the computational flow field. Differencina

in the 5. -direction is of the mixed type which has been quite

successful in maintaining stability for both subsonic and

supersonic flow regions. Conservation form of the equation is

preserved , which is essential for a proper description of shock

wave’ motions. While the A fT  scheme has no time step limitation

for stability based upon classical linear stability analy sis ,

i n s t a b i l ities may he generated by the motion of shock raves due
to the mixed differencing. Thus , I t  must he chosen such that shock  

- 
_ _ _ _ _ _ _ _ _ _
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waves do not trave l more’ than Of l t ’ mesh m’o tnt i mm t he 5. — d i  reet  m e n
over a sing le t ime step. A cub me spi i no i s used t o  a p p m - o x  i mat e

t he air foi l oeomet n c  fu n c t  ion f (5~I , which is ustia I Iv ptov i de~
as t a b u lar  data for NACA a i r f o i  i s .  -~metodvn5 am-ic moments  are
eva l uat e d  by Simpson ’ s r u l e  i mi t eora t i on  accoi-d i no t o eou .mt  ions

I — ( ~8 I . ‘m smooth  n o n — u n  i fo rm ~‘om~ u t a t  i o ni  1 me sh wh i ch i

sy mmet r ic  abou t ‘~ = 0 is employed . The or i d s a t ’ inc i s ~tit’h that

pot mit s art’ ci mi st ere’d near the a i rfo ii lead m n~i .mnd t m a  i i i  no e~1~ies
in t he 5. — d i rec t iou  , am id near ‘‘ = 0 i n the ‘~ 

— d I rec t i  omi . Mesh
boundar tOO are taken suf ~ i c i en t  lv t an fi - oni t he a in foi l such t h a t

cond i t  ion  ( 14 1 max ’ be a p pr ox i m at  ed . The a i t  t o i l  st i r !  ace i s
desc ribed  by i i mesh p o i n t s .  Dot ~i m  is of the  o r i d  systt ’ni are the

t o 1 1 ow i no

number c ’ S . — O O I mi t

b . number  o ’ ‘~— oo i mit =

C . — - 0 ~~ 1_
m u m - t

d . ~\ “  - = 0 .
11’l m\

t ’ . ~~l0  i i . ~ 1~~4’ ~ 5 i i

• . - - ‘Ii 1 . 1 -
‘ 7 0 0 5 1 1 . 1 ‘ ‘ 00 .

Results o t coriput at  ions rom 1-Ti~AN -
‘ have  been shown t c

comroare w e l l  w i t h  sd Ut j O f l O  0 t t h e  t i me— - 5 lependent  Ftm l or  ectiat I c i is

~iuid  have ’ m t ’o m o d t m c e d  un s t  e m d ~’ t m . m n s o n  m c  b e h av i or  ‘s~~m I cli has
common lv been oh se r vt ’d O X  t’O m- I men t a I iv  1 ~ I i n  ~‘rde t t o a ~‘c ~ ~rniod 5m t e

t he si mu I t aneous so I mi t ion o t  t h e  ot m e t  ur a  1 eq u at  ions  4 i i  and
m t was ne~’es sa i v  t c mcdi  fv  1 TR . SN .~ ouch t h at  the  t ‘. me rmam -eh no

t ec hm m l ou t ’ is now a t s-c— st ~‘o ~t ’r e d i  ct c t — c o r r e c t  Oi 1 o t o cedu r e

~~ t hcu -i h t hi s in e t tec t  ~1ouh 1 es t he comptit i nc  t ime cm a t m x t ’d

I , w i t hout  tim t s mcd m t m cat i on ot at’ it ’ c_ i I cii i a t  i c i t s  con I d n ot  i n
s~~t~ flt~~t 5 i  . tie obtained

I i
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SECTION IV

RESULTS

In this section the behavior of numerical solutions obtained

by th~ method outlined in Section L O  is considered . Accuracy
of the solutions is discussed and the choice of structural

para met ers indicated . Results are Dresented for an airfoil

having both one and three degrees of freedom . Solutions were

obt ained for f ixed i n i t i a l  cond i t ions  and several values of the
reduced d e n s i ty , 1 4  . A d d i t i o n a l  r e s u l t s  i n d i ca t e  tha t  for  ,~ f i x e d ,

stable or unstable motion can be produced solely by the choice
of initial conditions. All of the calculation s presented here

correspond to an NACA 64A0l0 airfoil.

4.1 Details of the Computations and Accuracy of the Solutions

In order to indicate the stability of the  compu ta t i ona l
method , i t  w i l l  be demons t ra ted  tha t  an exact  s o l u t i o n  o f t he
coupled ae roelas t ic  system o~ ecuat  ions  can be rel  i a h l v  r en rcduc ed
by t i m e  i n t eqrat i o n . For t h i s  purpose , the  a i r fo i l  mo t ion  was
forced for  three  periods of o s c i l l a t io n  accord ing  to the p r e sc r ib ed
f u nct i o ns .

c(r) = i ( t )  = ~- ( ‘ )  = 0 . 0 1 7 4 5  s i n ( 4 . it). (431

Using a steady-state profile as the initial condition~ ecmiation
(7Q) was integrated in time by t TRA”~2. -~fter a short r’ericm d of

time the effect o~ the initial conditions became necilic ib le such

that the aerodynamic forces , C
~~

Cmo~ 
and C h were oeriodic.

Analytical expressions ~or these forces were then extractec~ from
numerical r e s u l t s  and introduced into equations (41) and (471

The structural naranieters comonisino the urass , dam oin ’si, and sti’~-

ness m a t r i ces ~ ( , I’ , k 1 and the reduced density 
~‘ were them-i chosen

such that the analytic solution to ecitiattons (4i~ and (471 was

ci von by the previously nrescritied Functions ( 4  ~ 1 ~or cr ced

m o t i o n .  At t h i s  po in t  the coupled system was intecrated in time

14
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is initial values t h e  conditions present s-hen the forced

fl~iti ’ sin was term inated .

This ;‘rocedure was used to st u dy  both  stahl 1 i tv  and a c c u r a cy

characteristic s of various numerical technicmues ‘or intearatin~
the structural ecuations o~ m o t i o n .  It was Found that C c was the

merodvnaru c coe~~fici-’nt most sensitive to procedural variations.

The result of this studs- is shown in Ficiure 7 for the case

M = 0 . “2 . The time dependent lift is displayed For both forced

and Free motion . ~ver three t’eriods c~~ 
F ree oscillation the

variation in 
~~~~ , 

was never more than O . 5~ and it anneared that the

i ntenration could have nroceeded indefinitely without instabilit y

and w i t h  reasonabl e accu racy .

We now devote our attention to solutions o f the coup led
aeroelastic ecuations for renresentative choices of the structural

~ arameters. Im nulsive motion from an ecmuilibrium state will be

the only tvoe of motion considered here . Per all the results

presented in t h i s  section , i n i t ia l va lues correspond to

= - i CC )) = il (0)

c~~(0) = f1 (0) = 0,

~m ( 0 )  prescribed

with 
~~~~~~~~ ~iiven by the steady-state profile for M~ = 0 . 8 2 .

The ini tial pressure distribution for these results is shown in

Neure 1 . It is noted t~m at t h i s  case is supercr i t ica l  wi th  a
shock an n ear i nq  between = 0.50 and s: = 0.60. It should be

nointed out that solutions are not limited to the above initial

va lues , however it was necessary to f i x  a cer tain number of

narameters in order to conduct a reasonable studs’. Due to

i n h e r e n t  n o n l i n e a r i ty  in the t r anson ic  equat ion , var ious  types

of motion may result depending on the choice of cm (o) . This is

quite unlike classical flutter analysis. Physically , the i n i t i a l
cond i t ions  c (o) , cm (o) , and ~ (o) may be interpreted as impulsive

gusts striking the airfoil. By varyinc~ these initial condition s ,

stabil ity boundaries may be established . Combinations of these

15
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condit ions need necessari ly  be considered , however , as super-

posi t ion cannot be applied .

The a i r f o i l  wi th  pi tch point  located at the  qua r t e r  chord

a i l e ron  leading edge at 75% of the chord , and a i le ron  h i ng e  ;-~o i n t

at 80% of the chord is depicted in F igu re  1. These choices

correspond to = 0 . 2 5 , 
~~ 

0 . 7 5  and = 0 . 8 0 .  S t r u c t u r a l
pa rameters  were selected as the  f o l l o w i ng :

— 0 . 1818 ,
0

= 0 . 0 0 3 4 ,

= 0.1141 ,

0.0346 ,

~~0. 1 = (~~—) -v  -a—-
(‘)

0 . 7  = (~~—)-/~~~(1 U~ Ta

0.  3 = -I K / I ~

Various values of the damping coefficients ( , : , and :
r

) am-m d
the reduced density ( r i )  were chosen and will be noted in specific

r e su l t s .  By way of comn arison , if the  a i r f o i l  is as sumed to consi st

of a homogenous material of un i form density , then  the Fol lowing

may be obtained : 
-

~-o

0~~001~~

0 . 0 84 6 ,
0and 
*

0.0052.

For a l l  c a l c u l a t i o n s  the t i m e  s tep ,  A l ,  was specified to be

0 . 0 1 7 4 5 .  This  corresponds to 360 t i m e  s teps  per period of

osc i l l a t ion  at a reduced f requency ( d ’c~~U~~) of 0 .  ~~~~ Time
acc uracy of the so lu t ions  was f u r t he r  c o n f i r m e d  1w douh l m c i  t h i s
nominal  va lue  of Ii and comparing with previous r esults. It was

found that  the solut ions agreed to three s i g n i f i c a n t  f igu r e s  i n
a l l  depende nt vari ables , over several thousand t ime  steps even fo r
cases which exh ib i t ed  uns tab le  m o t i o n .  When the  t i m e  i n c remen t

18
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was increased by a f a c t o r  of f i v e , however , the computations

e v e n t u a l l y  became u n s t ab l e .  T h i s  was most l i k e ly  due to a
v i o l a t i o n  of the  t i m e  step size  l i m i t a t i o n  w i t h  respect to the
mot ion  of the  shock across  t h e  computa t iona l  mesh w h i c h  was
p rev ious ly  described . A l l  c a l c u l at i o n s  were nerformed on a
CDC Cvber 74 computer  and required approximately 20 minutes of
computing time for every lOOf ) t ime steps.

4 . 2  The One Degree of Freedom Case

I t  is u s e f u l  to s tudy  the  behavior  of so lu t i ons  for  a
s ing le  degree of f reedom a i r f o i l .  Because there  are  no super-
imposed modes of m o t io n  i n  t h i s  case , the c h a r a c t e r i s t i c-  d e t a i l s
of the solution are qu i t e  c lear .  For an airfoil oscillating in

pitch on ly ,  the structural system reduces to equation (24) w i t h

= = 0. Fiqure 4 indicates the time response of the sincile

degree of freedom airfoil for = 0 .01  and cm (o~ = 1.0 for

two values of the reduced d e n s i t y .  The homogeneous so lu t ion  is

also shown for comparison. Here the pitching displacement has

been normal ized  by the impuls ive  p i t c h  veloci ty  such t h a t  the

homogeneous solution is universal for all choices of a - (o)  . This

will prove a convenient form to use for  later  r e su l t s  when var ia-

t ions in the i n i t i a l  condi t ion  are considered . The t ime a x i s  is
represented in terms of the number of time steps , N , i n  order to

emphasize the f ac t  t ha t  the resolut ion of the d i s c r o t i z a t i o n  in

t ime is s u f f i c i e n t  to consider the t ime h i s t o ry  a cont inuum . The

corresponding phys ica l  t ime is eas i ly  obtained f rom equat ion  ( 1 0)  as

~~2/3
t = cA-r S N/u . (44)

For the choices of A T and ~ considered here t h i s  r e su l t s  in  one

chord length of airfoil travel for every 12.S44 time steps .

With ~~ 0.Ol it is seen tha t  the homoqeneous s o l u t i o n  i s

very s l i g h t l y  damped . For ~i = 50 , the time i n t egr a t e d  so lu t ion

varies s l i g h t l y  from the homogeneous r e su l t .  In fac t  for  p = 100

the homogeneous solut ion was recovered v i r t u a l l y  i n t a c t .  Once

again thi s  con f i rms  accuracy of the numerica l  method.  As the

19
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reduced is trmci- o~ist ’~j , a sh i ft in the osc i i i  at ton t m et1 ut~flcv a~ w e t  I

~~s Yell as an t n cr e a s t ’ i i i  amp 1 i t  tm~te is i m o t  ed . t i e  ;l’ omm ~l intl t into

hi st ot es tot- the moment coot ic - i out about  t tie t ’ itch ‘ci nt am- c’

d i s~ 1 a\ ed in 1- i cure’ ~ , and a l e ’ seen t 0 exh i hi t a !‘e t t av  i or im i ar

t c that o t  t he p itch tic ¼! i s p1 acem emi t

For ~t = 100 and , = 0 . 0 ~ the p i t c-h i  nc d i  sp I aceme’nt or

several values ot the t nit i a t  cond i t  ion is shown i n  F i ‘t t t t t ’ I ’ -

The ca se a ~o = .1 • ~ i nr a ct  ica [lv neut Va [lv stable . T t m ~
seen t h a t  for a 

- ( o l  = L .0 the am p litud e ot t’sci I lat ion is about

~0% damped i n  two periods ot oscil lation . SI iqht lv timcs ’in ei

anipi itudes a l e ’ i ’ t o d t m c e ~I with a - ( o )  ‘ . S . T h i s  be ’hav icr exempi m - -

i es th e n on i  inear  c h a r a c t er - of th e ’ counl  ed aeroe l ast  ic system.

I t  is  no ted  t h a t  no appreciable chance  in frequency 1 S e v i den t
tor vari ation in t h e  intt ia i conditIons . Moment  ~‘ot ’t fi cients

cot -re spond i nc to these  cases appear  i m  ~- ‘i cure  ‘ . For s m a l l  t ~~~
( N  7001 , the anomalous h e h a v i o m -  apparen t  i n  the cases a (o) = 4 . 0

and - (ol = 7 . S i s  most l i k e l y  due ’ to start in c  ph enome na and an

md u stment  in the phase ’ di fference between a and

4 - 3 The Three Deq roe of Freedom Case

We now focus our  at t e n t i o n  on the  three  decree of free-

dom a i r f o i l . For t he  r e s ult s  considered i n  this section all

damping  c o e f f i c i e n t s  were as s igned  the  i d e n t i ca l  v a lu e  of 0 0~
C • , •

~~ 
= = = 0.03) . Unsteady  d isplacement s for  the

i n i t i a l  cond i t i on  cc ( 0 )  = I a m d  several va 1 ties of reduced

density are gi v e n  in F igures  8— 10 w i t h  the homogeneous solut ion
indica t ed fo r  compar i son .  The plunging displacement shown in

Fi gure 8 is seen to vary  f rom the homogeneous result and experit ’nce

a shift in f requency as p i nc reases .  Damped motion appears to

occur for p = 100 and p = 50 , hut an increasing amplitude is

noted for  p = 15 ~~ In F igu r e  q t h i s  same behavior is observed for

the pitchin g displacement. There seems to he v e ry  l i t t l e  s t i if t

in  f r equency  for  the  cases p = 100 and p = ~~0 . It appeai s that

for  la rqe t ime the response i s  t end in g  to make the plunge and

pitch frequencies identical. Ficure 10 indicates the aileron

displacement for these cases. it is seen that there is apm ’are’ntlv

damped motion with very lit t le f requemw y sh i tt for al l val ues of

‘- ‘I
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Corresponding aerodynamic coeff icients for these case s are
found in F igu re  11— 13.  In genera l , the~’ exh ibit behavior which

is \‘er\ ’ s i m i l a r  to t h a t  of the  d i s p l a c e m e n t s .  The l i f t  and

pitching moment are damped for p = 100 and p ‘~0 , hu t  a re
growing  w i t h  ~ = 7~ i . For a l l va lues  o~ ~ i the a i l e r o n  momen t

is damped . It  is again indicated tha t for I L  = $5  the motion

cons i s t s  pr~~u a r i l v  of a c o u p l i n g  between the  oluncie and ~ itch

modes only .

As in the  case of the  one degree of  freedor’ airfoil , we

now consider the time response for fixed i— and severa l choices

of t he i n i t i a l  condi t i on , a (0) - Unsteady displacements for

= 75  apPear in Figures 14—1 6. Time intecrated results are

now comp ared with the  undamped homogeneous solution
(i.e., . = , 0) - I t  has already been indicated that with

p = 5 growing amplitudes of the d ist’lacements occurred when

compare d with the damped h omogeneous r e su l t  . ~ut a s the dam ~’ed

homogeneous s o l u t i o n  i s  i t se l f  decavinct this nay he m i s i e a d i n ~~,
esr’ec~~al lv because o ~ t h e sever a I suPerimDosed modes which art’

present in the sol Ut ion of any one o the  di sni  acement s. The

lone t i m e  b e h a v ior  can always he deduc ed by intear at I nq suf  t j  —

c i en t l v  t~ar  i n  t i m e . I~ we wish only to estab! ish wh e t h e r

oscillations are cirow i nci or clecavin ci  by c~~ser v i n n  the relatively

sm a l l  t ime res tx~nse , then comparison w i th the unoan’~’ed homeceneotis

result max’ L’rove ¼1U1 te u s e f u l  -

The unsteady t’itchin ci dis~’1acement i s  shown i n  l-’i cu re  I -~ -

~ h i le a 1 1 so 1 ut ion s have sh i ftod in ~requencv r0!’~ t h e  hemo~i eneous

result , l i t t l e var i a t ion in ~rectuencv occurs  ‘ or chan ~ie~. i n  the

in it i 31 cc’nd i t ion - Al 1 resu 1 t s an t ~ear to  have crow i tic .mn ’~’ 1 i t  imees

hut less so f~ r ~i (0)= S then for a (0) = 1 and a ( 0  =

The trend with respect to fi equenc-~’ is very  s i m i  I ir ~or the ni t ch i nc

di sl’lacement in Fiaure S . He re , how ever , the s o l u t io n  t o r
- ( 0 )  = S is d early growinc whereas the other results max- in

4 act he damped . This  i s  a l s o  t r u e  for  th e  a i l e r o n  disolacement

shown in i-’ i cure 1 t ’ .
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4
Figures l7—l~ di splay the corresponding solut i ons for t h e

aerodynamic coo f f 1  ci ent s wi th  p = 25 - The l i t  t and i~ 
i t c-h i nti

moment behavior is quit e like ’ t h a t  of t he  d i  sm~laeement~; - I i  t t it ’

variation in frequency is ob served for  chamiqes in the in i t i i t

condition and growing amplitu des are  c l e a r ly  i n d i c a t e d  for  t h e
case cc ( 0 )  = 5. The abrupt  chances in  the  s lope of t h e  a i l e r o n
moment are due to the  unsteady shock wave osci I lat Inc across the ’
control  su r face . Th i s  is e v i d e n t  f rom the surface m ’r~’ssure

d i s t r i b u t i o n  shown in Figure 70 for N = 115 . The t i m e  her e
corresponds to relative maximums i n  t h e  • i t ch i n c  and a i l e r o n
moments  and a r e l at i v e  m i n i m u m  i n  the  l i f t .  For a (0)= 5 ,

the e n t i re upper sur f ace is now subcri t ica l  w h i l e  mos t of the
lower s u r f a c e  has become sup er c r i t ic a l  w i t h  t he  shock located
nea r the t r a i l i n g  edce . Reca l l  t h a t  i n  the  i n i t i a l  m’ro~~ile a

shock was present  on both s u r f a c e s  near  m i d -c h o r d  (see’ Fioure fl

By comparison , for the case a ( 0 )  = I the shock is ~i is ~’l.i c~’d

only s l i g h t l y  forward on the upper s u r f a c e  and s l i g h t ly  aft on

the lower sur face  from i t s  i n i t ia l  pos i t i on . Th i s  t v t ’e  of  shock

wave motion is representative of t h a t  wh ich  can he simulated by

the LTR .AN2 code.

To establish the long-time behavior of the solutions , the

case ct (0) = S and p = $5 was integrated in time ~or several

thousand time steps. The extended time histories of t h e  clis-

placements for this computation are shown in I-’i cmur e  ‘l .  As was

predicted from the short-time behavior , all di splacements d early

exhibit increasing amplitudes. The pitchin g and aileron dis-

p lacements are oscillatinq at approximatel y the same f recu encv
which is about twice that of the plun ging displacement. For t he

aerodynamic coefficients shown in Fict ure 2~~, however , all appear

to have the same oscillation frequency . This extended t ime h ist -’rv

indicates that such calculations may he carried out for m a r g i n a l ly

stable cases when the behavior cannot he deduced f rom cc s m a l l- t i m e

solution . The long—time solution may in  general  be q ues t i o n a b l e
due to the accumulation of truncation error in the time integration .

Results of the forced oscillation study , however , indicate that the’

solutions presented here can be considered r e l i a b l e .
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A :‘i-ooedure has  been dove 1 oned or the’ .it ’ roe la s t  i c a n a l  v s i s
o t  a t w o — d  imons  ic-n d ~i i r~~o i i in  t r a ns on i  c gl ow . “he method has
been shown to be stable and ~i:~’urate - ~o 1 ut i oti s have  been

resent e~ for hot h one d f l t i  t hi-ec dec roe of ~ reedom a ir  ‘oil s

flc t t ’~’re’sent3t i ye val ties ot  st i -u ct  u r a l  parameters - St ab l e

or un stable modes o o s c i l l a t  ion were shown to  doflor - id  un on t he
choice o’~ i nit ia l values .

An obvious jr~ ’rovement o~ the work presented here is the

extens ion to three sn a t  I ccl d im e n si o n s .  At the nresent time , the

oni~- e ’~ icient method c’~ s c i v i n c  the  three dimensional qu i d

dvnam j c oguat ions for the u n s te ady  transonic case is by  harmonic

an a l vs  is ( ~ , S , ~~ w h i c h  eliminates the nonl i no-i r time denendent

n a t u re  ~ f the  f low.  I t is f e l t t h a t  i n  the  near  ~u t u re  , however ,

t i rn e in t e cr at i on  o ’ the small di sturbance flc-tent ~al  ecu.i t ion in

t h ro0 — -d ir~ens ions mccv be accomn i i shed with reasonable ~‘on’nut inc

t imes - The air foil can then be re~’resen ted as a ‘ lexible cant i lover

bea m b~- a d i  i-oct e x t e n s i o n  o~ the  nr oc-edure  outlined in this r eno r t

Such an a n a ly s i s  would  c l e a r ly  provide  a t r e a tm e n t  w h i c h  mere
closely resembles the physical situation.

Due to the  as sumpt ion  of low f requency  o s c i l l a t i o n s, the  t e rm

dc-es not appear in  the forn-i of the notential ecuation (“ i ) used 
- 

-

in t h i s  repor t .  W h i l e  i t  is f e l t  t h a t  in genera l  t h i s  a s s u m p t i o n

is lust ified , some ouestion must be raised about the validity of

the very s m a l l — t i m e  behavior of so lu t ions, p a r t i c u l a r ly  for the

cases o f  impuls ive  motion considered here . Neolect  of t h i s  term
nrobahlv has l i t t l e  e f f e c t  on the long—time airfoil response. At

the r’resent time , no efficient fully time implicit scheme exists

for integration of the potential  equation with the term
~~ T T  

included .

Finally , the effects of viscosity should not be neglected

if aerodynamic coefficients are to be accurate ly  predicted .
Instantaneous shock locations , and hence resultant moments , can

4 7

- 
-. - -
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depend greatly upon unsteady viscous interaction . Coupling of

the viscous effects with inviscid flow field calculations is not

a simple t a sk .  In the case of unsteady t r anson ic  f lows on ly  one
procedure for accomplishinci th i s  has been sucxqested ( 9 )  , and
its present appl ica t ion  remains largely  an ar t .
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